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Abstract In this study, we employ the fifth order hybrid Central-WENO conservative finite
difference scheme (Hybrid) in the simulation of detonation waves. The Hybrid scheme is
used to keep the solutions parts displaying high gradients and discontinuities always cap-
tured by the WENO-Z scheme in an essentially non-oscillatory manner while the smooth
parts are highly resolved by an efficient and accurate central finite difference scheme and
to speedup the computation of the overall scheme. To detect the smooth and discontinuous
parts of the solutions, a high order multi-resolution algorithm by Harten is used. A tan-
gent domain mapping is used to cluster grid points near the detonation front in order to
enhance the grid resolution within half reaction zone that drives the development of com-
plex nonlinear wave structures behind the front. We conduct several numerical comparisons
among the WENO-Z scheme with a uniformly spaced grid, the WENO-Z scheme and the
Hybrid scheme with the domain mapping in simulations of classical stable and unstable
detonation waves. One- and two-dimensional numerical examples show that the increased
grid resolution in the half reaction zone by the Mapped WENO-Z scheme and the Mapped
Hybrid scheme allows a significant increased efficiency and accuracy when compares with
the solution obtained with a highly resolved one computed by the WENO-Z scheme with
a uniformly spaced grid. Results of three-dimensional simulations of stable, slightly unsta-
ble and highly unstable detonation waves computed by the Mapped Hybrid scheme are also
presented.
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1 Introduction

Detonation is a complex phenomenon that involves a shock front followed by a reaction
zone. It usually happens inside a mine shaft or gas tubes in the kitchen and causes large prop-
erty damages and loss of human lives. The detailed understanding and studies on the prop-
agation of detonation waves has wide applications. However, direct experiments of these
physical phenomenon, which exists in the most challenging and hostile environment, are
difficult and safely conducted if and when possible. Accurate and efficient numerical sim-
ulations of a mathematical model of detonation waves provide a way to obtain insights in
the physical problems and guide researchers to have a deeper understanding of the physics
and to design better experiments. Direct numerical simulations of fine scale and delicate
structures of detonation waves demand the use of highly accurate and efficient numerical
schemes, which must be able to resolve a very broad range of length and time scales. For
example, second order Godunov scheme [1, 2], extended space-time Conservation Element
(CE) and Solution Element (SE) method [3], unsplit scheme [4], classical WENO-JS scheme
[5–7], optimal WENO-Z scheme [8, 9] and non-MUSCL-type TVD scheme [10] have been
implemented to simulate detonation waves to investigate the detonation phenomenon under
different research backgrounds. In our previous work, the grid convergence study for the
case of overdrive factor f = 1.6 in [8] showed that the WENO schemes converge faster
than other existing numerical methods such as PPM with front tracking and mesh refine-
ment [11], unsplit scheme [12], Roe’s solver with minmod limiter [13] and Roe’s solver
with superbee limiter [13].

Characteristic-based Weighted Essentially Non-Oscillation (WENO) conservative finite
difference schemes as a class of high order/high resolution method for solutions of hyper-
bolic conservation laws in the presence of shocks and small scale structures in the solution
was initially developed in [14] (for details and history of WENO scheme, see [15] and refer-
ences contained therein). The use of a dynamic set of substencils where a nonlinear convex
combination of lower order polynomials adapts either to a higher order polynomial approx-
imation at smooth parts of the solution, or to a lower order polynomial approximation that
avoids interpolation across discontinuities, yields a local rate of convergence that goes from
order r at the non-smooth parts of the solution, to order (2r − 1) when the convex com-
bination of local lower order polynomials is applied at smooth parts of the solution. The
nonlinear coefficients of WENO’s convex combination, referred to as nonlinear weights ωk ,
are based on lower order local smoothness indicators βk, k = 0, . . . , r − 1 that measure the
sum of the squares of the scaled L2 norms of all derivatives of r local interpolating poly-
nomials. Several techniques have been devised to design the nonlinear weights such as the
classical weights given in WENO-JS [14], the mapped weights given in WENO-M [16] and
the optimal order weights given in WENO-Z [17, 18]. It has been shown that the new set of
nonlinear weights of WENO-Z provided less dissipation than WENO-JS and yielded com-
parable resolution of smooth solution and captured sharp gradients as WENO-M [8, 19].

High order central finite difference schemes (CFD) are sufficiently accurate to resolve
both small and large scale structures presented at direct numerical simulation of highly
complex flows efficiently. Due to the efficiency and easy implementation, they have been
designed and discussed for solving linear advection problems [20, 21] and obtaining so-
lutions of conservation laws [22]. However, when applied to simulate the propagation of
detonation waves near the detonation front exhibiting high gradients and discontinuities,
high order CFD schemes produce oscillations, known as the Gibbs phenomenon that causes
loss of accuracy and numerical instability.

The straightforward idea is to design a hybrid scheme to conjugate the non-oscillatory
properties of a high order WENO scheme of nonlinear type for shock capturing with a high
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Table 1 Cases of simulation and corresponding parameters

Cases studied Notation q0 Ea f K

Small heat release/Low activation energy (H2,E20, f1.1) 2 20 1.1 1134363.640

Large heat release/Low activation energy (H50,E10, f1.2) 50 10 1.2 3.124

Large heat release/Large activation energy (H50,E50, f1.2) 50 50 1.2 871.420

order finite difference scheme of linear type for smooth wave capturing. In the last two
decades, a high resolution hybrid compact-ENO scheme [23], a hybrid compact-WENO
scheme [24] and a hybrid central-WENO scheme [22] were designed respectively for shock-
turbulence interaction problems. One- and two-dimensional multi-domain hybrid spectral-
WENO methods [25, 26] were designed for solving hyperbolic conservation laws. A high
order (resolution) hybrid central-Bandwidth optimized WENO schemes [27] was designed
for the large eddy simulations in the presence of strong shocks. The key advantage of hybrid
schemes is the potential reduction of total wall clock time without scarifying accuracy. The
main challenge in designing hybrid schemes is the design of an efficient and high order
accurate switching function.

In this work, we aim at the conjugation of the high order CFD scheme and the WENO-Z
scheme (Hybird) for numerical simulations of detonation waves. A high order multi-
resolution analysis [28, 29] is performed at every step of the temporal integration process to
capture the discontinuities such as detonation front, due to the nonlinear nature of nonlinear
system of reactive hyperbolic partial differential equations (PDEs) that model the propa-
gation of detonation waves, to maintain the high order (resolution) nature of the Hybrid
scheme. The fifth order WENO-Z scheme and the sixth order CFD scheme are employed
to resolve solutions in the rough parts and the smooth parts of the solutions respectively.
The resulting Hybrid scheme avoids the heavy machinery employed by the characteristic-
based WENO-Z conservative finite difference algorithm in the whole computational domain
and allows one to take advantage of the fast non-dissipative high order CFD solver for an
accurate and efficient long time simulations. Moreover, since the detonation front does not
move very much from its initial position, a time-independent tangent domain mapping func-
tion clusters the grid points around the initial detonation front to allow the Hybrid scheme
to gain a highly resolved solution in the reaction zone with a much lesser number of grid
points than scheme using a uniformly spaced grid.

We consider three classical stable, slightly unstable and highly unstable cases of detona-
tion waves as listed in the following Table 1, where Ea is the activation energy parameter,
q0 or H is the heat-release parameter, f is the overdrive factor, K is the stiffness coefficient.

The paper is organized as follows. In Sect. 2, a brief introduction to the central finite dif-
ference scheme, the WENO-Z scheme, the Multi-Resolution scheme and the Hybrid scheme
for solving hyperbolic conservation laws is given. In Sect. 3, a brief introduction to a grid
transformation is given. In Sect. 4, a brief introduction to detonation model with govern-
ing equations and its initial conditions and boundary conditions is presented. Several one-,
two- and three-dimensional classical stable and unstable detonation waves simulations by
the WENO-Z scheme, the Mapped WENO-Z scheme and the Mapped Hybrid scheme un-
der different grid resolutions in the half reaction zone are preformed and their results are
discussed in Sect. 5. Conclusions are given in Sect. 6.
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2 Hybrid Central-WENO Finite Difference Scheme

In this section, a Hybrid scheme that hybridizes the high order non-dissipative central finite
difference scheme (CFD) and an improved high order weighted essentially non-oscillatory
conservative finite difference scheme (WENO-Z) [22] is presented for solutions of three-
dimensional Euler equations with a source term.

The nonlinear reactive system (23a)–(23d) we are solving can be written compactly as

∂Q
∂t

+ ∇ · F(Q) = S, (1)

where S is a source term.
The system is discretized on a Cartesian uniformly spaced mesh in a three-dimensional

rectangular computational/physical domain. The central finite difference scheme is em-
ployed in regions where the flow solution is smooth. The WENO-Z finite difference scheme
is employed otherwise to capture discontinuities in the flow solution such as shocks and
contact discontinuities whose formation is closely related to the nonlinear nature of (1).
To determine the smoothness of solution in the computational domain and to maintain the
high order (resolution) nature of the Hybrid scheme, the high order multi-resolution anal-
ysis (MR) by Harten [28] is employed to switch between CFD and WENO schemes. The
temporal and spatial adaptation of the two high order (resolution) schemes allows one to
take advantage of the fast non-dissipative CFD solver for an accurate and efficient long time
simulations while sharp gradients and shocks are captured in an essentially non-oscillatory
manner by the WENO scheme.

We briefly review the three individual high order (resolution) components of the Hybrid
method, including the CFD, WENO-Z, and MR schemes. We refer to [22] for a more de-
tailed description. We present the schemes in one space dimension. Following a method of
lines, the one-dimensional method extends naturally to multi-dimensions in Cartesian coor-
dinates.

Consider a uniformly spaced grid defined by the points xi = i�x, i = 0, . . . ,N , which
are called cell centers, with cell boundaries given by xi+ 1

2
= xi + �x

2 , where �x is the
uniform grid spacing (see Fig. 1). The semi-discretized form of (1) is transformed into the
system of ordinary differential equations and solved by the method of lines

dQi(t)

dt
= −∂f

∂x

∣
∣
∣
∣
x=xi

, i = 0, . . . ,N, (2)

where Qi(t) is a numerical approximation to the cell-averaged value Q(xi, t).

Fig. 1 The computational
uniformly spaced grid xi and the
5-points stencil S5, composed of
three 3-points substencils
S0, S1, S2, used for the
fifth-order WENO reconstruction
step
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2.1 Central Finite Difference Schemes

A sixth order central finite difference scheme (CFD) approximates the derivative of a func-
tion at a grid point xi on a Cartesian uniformly spaced mesh as follows

d

dx
f (xi) = 1

�x

3
∑

j=1

wj(fi−j − fi+j ), (3)

where wj are the Lagrangian weights of the first derivative [30].
While the CFD scheme is non-dissipative, it does suffer from numerical dispersive er-

rors that introduce artificial high-frequency waves in the solution. To prevent these high-
frequency oscillations from causing numerical instabilities, a high order smoothing is re-
quired to remove them. For a given function f (x), discretized on a uniformly spaced grid,
an eighth order filtered function, f̂ (x), at the grid point xi can be expressed as

f̂i = α0fi +
4

∑

j=1

αj (fi−j + fi+j ), (4)

where αj are the filtering weights which satisfy the symmetry property α−j = αj [31].

2.2 Weighted Essentially Non-oscillatory Schemes

High order WENO scheme captures sharp discontinuities in the flow solution in an essen-
tially non-oscillatory manner and resolves the high frequency waves accurately. We consider
the fifth order (r = 3) characteristics-based improved weighted essentially non-oscillatory
conservative finite difference scheme (WENO-Z) for the solution of the system of hyperbolic
conservation laws. Extension to higher order (r > 3) WENO scheme is straightforward as
explained in [18].

To form the flux differences across the uniformly spaced cells and to obtain high-order
numerical fluxes consistent with the hyperbolic conservation laws, a conservative finite dif-
ference formulation is required at the cell boundaries. With an implicitly defined the numer-
ical flux function h(x), one has

f (x) = 1

�x

∫ x+ �x
2

x− �x
2

h(ξ)dξ, (5)

such that the spatial derivative in (2) is approximated by a conservative finite difference
formula at the cell center xi ,

dQi(t)

dt
= − 1

�x
(hi+ 1

2
− hi− 1

2
), (6)

where hi± 1
2

= h(xi± 1
2
). High order polynomial interpolations to hi± 1

2
are computed using

known cell-averaged values fj = f (xj ), j = i − r + 1, . . . , i + r − 1.
As shown in the Fig. 1, the 5-points (2r − 1 = 5) global stencil S5 is subdivided into

three 3-points substencils {S0, S1, S2}. The fifth degree polynomial approximation f̂i± 1
2

=
hi± 1

2
+O(�x5) is built through the convex combination of three second degree interpolation
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polynomials f̂ k(x) in substencils Sk at the cell boundaries xi± 1
2
:

f̂i± 1
2

=
2

∑

k=0

ωkf̂
k(xi± 1

2
), (7)

where ωk are the normalized nonlinear weights (which will be described below) and

f̂ k(xi+ 1
2
) =

2
∑

j=0

ckjfi−k+j , i = 0, . . . ,N. (8)

with Lagrangian interpolation coefficients ckj [15].
The regularity of the interpolation polynomial approximation f̂ k(x) of the substencil Sk

at xi is measured by the lower order local smoothness indicators βk , which are given by

βk =
2

∑

l=1

�x2l−1
∫ x

i+ 1
2

x
i− 1

2

(
dl

dxl
f̂ k(x)

)2

dx, k = 0,1,2, (9)

or explicity as

β0 = 13

12
(fi−2 − 2fi−1 + fi)

2 + 1

4
(fi−2 − 4fi−1 + 3fi)

2,

β1 = 13

12
(fi−1 − 2fi + fi+1)

2 + 1

4
(fi−1 − fi+1)

2,

β2 = 13

12
(fi − 2fi+1 + fi+2)

2 + 1

4
(3fi − 4fi+1 + fi+2)

2.

The WENO-Z scheme [17, 18] makes use of the higher order information obtained from
a global optimal order smoothness indicator τ5 which is built as a linear combination of βk ,
that is,

τ5 = |β0 − β2|, (10)

with a leading truncation error of order O(�x5). In contrary, the leading truncation error of
βk are of order O(�x2) if f ′

i �= 0, i = 0, . . . ,N .
The un-normalized and normalized nonlinear weights αZ

k and ωZ
k , respectively, are de-

fined as

αZ
k = dk

βZ
k

= dk

(

1 +
(

τ5

βk + ε

)p)

, ωZ
k = αZ

k

2∑

l=0
αZ

l

, k = 0,1,2. (11)

The parameter ε (typically 10−12) is used to avoid the division by zero in the denominator
and power parameter p (typically p = 2) is chosen to increase the difference of scales of
distinct weights at non-smooth parts of the solution. {d0 = 3

10 , d1 = 3
5 , d2 = 1

10 } are the ideal
weights that, when the solution is sufficiently smooth, one has {ωk ≈ dk, k = 0,1,2} and the
WENO-Z scheme approximates the optimal fifth order central upwind scheme.
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2.3 Multi-Resolution Analysis (MR)

The Multi-Resolution analysis (MR) measures the smoothness of the solution at each uni-
formly spaced grid point and quantifies the smoothness through a MR coefficient. Since the
WENO-Z and CFD schemes are both high order schemes, the measure of the smoothness
of the solution must also be of high order in order to differentiate a high frequency wave
from a high gradient/shock so that an appropriate numerical spatial scheme (CFD for high-
frequency wave or WENO-Z for shocks) can be applied at a given spatial location and at a
given time. To do so, the high order single-level Multi-Resolution (MR) algorithm by Harten
[28] is employed to detect the smooth and rough parts of the solutions.

Given an initial number of the grid points N0 and grid spacing �x0, we shall consider a
set of nested dyadic grids up to level L < log2 N0,

Gk = {

xk
j , j = 0, . . . ,Nk

}

, 0 ≤ k ≤ L, (12)

where xk
j = j�xk with �xk = 2k�x0, Nk = 2−kN0 and the cell averages of function u at xk

j :

ūk
j = 1

�xk

∫ xk
j

xk
j−1

u(x)dx, (13)

Let ũk
2j−1 be the approximation to ūk

2j−1 by a unique polynomial of degree 2s that interpo-

lates ūk
j+l , |l| ≤ s at xk

j+l , where r = 2s + 1 is the order of approximation .
The approximation error (or multi-resolution coefficients), taking k = 1 for a single-

level MR, dj = ū0
2j−1 − ũ0

2j−1 at xj , has the property that if u(x) has (p − 1) continuous

derivatives and a jump discontinuity at its p derivative ([·] and (·) denote the jump and the
derivatives of the function respectively), then

dj ≈
{

[u(p)]�x
p

1 p ≤ r,

u(r)�xr
1 p > r.

(14)

The MR coefficient dj measures how close the data at the finer grid {x0
j } can be interpo-

lated by the data at the coarser grid {x1
j }. From (14) it follows that

∣
∣d0

2j

∣
∣ ≈ 2−p̄|dj |, p̄ = min{p, r}, (15)

which implies that away from discontinuities, the MR coefficients {dj } diminish in size
with the refinement of the grid at smooth parts of the solution; close to discontinuities, they
remain the same size, independent of the order r = 2s + 1. Examples of the performance
of the high order multi-level multi-resolution analysis in detecting discontinuities in the
solution of nonlinear system of hyperbolic PDE can be found in [22].

Remark 1 The computational overhead of the multi-resolution analysis, which comprises
a dot product of two vectors of length equal to the order of the MR analysis at each grid
point in each dimension of a single flow quantity only once before the Runge-Kutta time
stepping scheme, is negligible. It is equivalent to doing three more derivatives using CFD
scheme in each Runge-Kutta step and its cost is insignificant when compared to the cost of
finding a non-oscillatory representation of the derivative of the flux by the WENO scheme.
The enhanced solution is well worth the minor additional CPU time incurred.
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2.4 Hybrid Scheme

Algorithmically, the Hybrid scheme is implemented with the following essential steps:

1. The multi-resolution analysis (MR) is performed in a given variable (usually density is
chosen because it contains shocks and contact discontinuity) only once at the beginning
of the Runge-Kutta TVD time stepping scheme.
A grid point is flagged as non-smooth based on the smoothness sensor

Flagi =
{

1, |di | > εMR,

0, otherwise,
(16)

where εMR is a user tunable parameter.
2. A buffer zone is created around each grid point that is flagged as non-smooth.

If, for example, xi is flagged as non-smooth, then its m = β 1
2 max(Nc,Nw + 1), where

β ≥ 0,Nc and Nw are the buffer zone factor, the order of CFD scheme and the order
of WENO scheme, respectively, neighboring points {xi−m, . . . , xi, . . . , xi+m} will also be
designated as non-smooth, that is, {Flagj = 1, j = i − m, . . . , i, . . . , i + m}. This con-
dition prevents computation of the divergence of the fluxes by the CFD scheme using
non-smooth functional values.

Remark 2 The CFD scheme, which is computationally more efficient than WENO scheme,
will compute the divergence of the flux over the full computational domain first. Then, the
WENO scheme is employed to overwrite the divergence of the flux at those grid points
designated as non-smooth by the flag.

In this study, p = 6, εMR = 10−3 and β = 1 are typically used.

3 Domain Mapping Functions

A grid transformation that maps a given set of uniformly spaced grid points ξ in the compu-
tational domain to a new set of non-uniformly spaced grid points x in the physical domain
can be expressed in the following form :

x = x(ξ,α,β); ξ = ξ(x,α,β), (17)

where α and β are two parameters that govern the behavior of the mapping.
Given a function u(x) and x = x(ξ), the derivative of u(x) can be evaluated as

du

dx
= du

dξ

dξ

dx
. (18)

For a finite domain, a tangent mapping and a linear mapping can be used to map [−1,1]
to [a, b]. The tangent mapping x : [−1,1] �→ [−1,1] and its inverse are given by

x(ξ) = x0 + 1

α
tan

(

δ(ξ − ξ0)
); ξ(x) = ξ0 + 1

δ
arctan

(

α(x − x0)
)

, α > 0, (19)

where κ± = arctan(α(1 ∓ x0)); δ = (κ+ + κ−)/2; ξ0 = −(κ+ − κ−)/(2δ). x0 ∈ [−1,1] and
ξ0 ∈ [−1,1] are the location where grid points are clustered about in the physical and com-
putational space respectively. The transformation metric is given by

ξx = ηχ; η = α/δ; y = α(x − x0); χ = (

1 + y2
)−1

. (20)
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As for the choice of parameter α, one can use the following approximate formula

�xmin ≈ δ

α
sec2

(

δ(ξ − ξ0)
)

�ξ ≤ �x∗, (21)

where �ξ = 2
N

and N is the number of grid points. �xmin is the smallest grid spacing
after mapping. �x∗ is the desired uniformly grid space which is designed to resolve the
given function well at around the given location x0 ∈ [a, b]. The approximate formula (21)
is satisfied when ξ is close to ξ0, which is equivalent to saying sec2(δ(ξ − ξ0)) ≈ 1. In other
words, α can be solved approximately according to the nonlinear equation

δ

α
�ξ ≤ �x∗, (22)

by either the Newton method or the bisection method.

4 Governing Equations

The unsteady reactive Euler equations for a perfect ideal gas coupled with one step irre-
versible chemical reaction is given by

∂ρ

∂t
+ ∇ · (ρU) = 0, (23a)

∂(ρU)

∂t
+ ∇ · (ρUU) + ∇P = 0, (23b)

∂E

∂t
+ ∇ · ((E + P )U

) = 0, (23c)

∂(ρf1)

∂t
+ ∇ · (ρf1U) = ω(T ,f1), (23d)

where ρ is density or mass density, P is pressure, U is the velocity vector. f1 is the reactant
mass fraction satisfying 0 ≤ f1 ≤ 1, where f1 = 0 describes the completely burned state and
f1 = 1 describes the unburned state.

The total specific energy E is given by,

E = P

γ − 1
+ 1

2
ρU2 + ρf1q0, (24)

and the source term ω(T ,f1) due to the chemical reaction is

ω(T ,f1) = −Kρf1e
−Ea/T , (25)

where γ is the ratio of specific-heat (γ = 1.2 is used in this study), q0 is the heat-release
parameter, Ea is the activation-energy parameter, and K is a pre-exponential factor that sets
the spatial and temporal scales. The temperature is defined by

T = P/ρR, (26)

where R is the specific gas constant (with a suitable normalization, R = 1 in this study).
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As in the case of one-dimensional detonation waves, the initial flow variables ρ,u and
P can be directly computed by specifying a given mass fraction f1 profile. In the two- and
three-dimensional problems, the y- and z-components of velocity of the initial conditions
are perturbed by a transversely sinusoidal planar ZND wave, i.e.,

v(x, y, t = 0) =
⎧

⎨

⎩

0 x < xd − Ww,

A sin(
2yπk

L
) xd − Ww ≤ x ≤ xd,

0 x > xd,

w(x, y, t = 0) =
⎧

⎨

⎩

0 x < xd − Ww,

A sin( 2zπk
L

) xd − Ww ≤ x ≤ xd,

0 x > xd,

where A,k and L are the amplitude, wave number and wavelength of the sinusoidal pertur-
bation of the detonation wave front and Ww is the width of perturbation zone. xd is the initial
location of the detonation wave front in the x-direction. L is equal to the length of physical
domain in the y- or z-direction, assuming a square domain in the y − z plane. In this study,
Ww = 1 is used.

Since the detonation front located in the right side of the computational domain, the right
boundary condition is set to be the initial free stream inflow condition. The perfectly match
layer (PML) absorbing boundary condition (ABC) is created to minimize the reflection wave
generated from the left boundary condition. The two- and three-dimensional cases are as-
sumed to be periodical in the y- and z-directions, therefore, periodical boundary conditions
are imposed in the y- and z-directions. The PML layer damping function σx is defined as

σx =
{

α
∣
∣ x−xb

xa−xb

∣
∣
β
, xa ≤ x < xb,

0, else,
(27)

where α = 60 and β = 4. We refer to [9] for details on the initial conditions and the boundary
conditions.

Following [8, 9], the hyperbolicity of the reactive Euler equations admits a complete set
of right and left eigenvectors for the Jacobian of the system. The approximated eigenvalues
and eigenvectors are obtained via the Roe averaged Jacobian. The first order global Lax-
Friedrichs flux is used as the low order building block for the high order reconstruction step
of the WENO scheme. After projecting the positive and negative fluxes on the characteristic
fields via the left eigenvectors, the high order WENO reconstruction step is applied to ob-
tain the high order approximation at the cell boundaries using the surrounding cell-centered
values, which are then projected back into the physical space via the right eigenvectors and
added together to form a high order numerical flux at the cell-interfaces. The conservative
difference of the reconstructed high order fluxes can then be computed for inviscid flux.

The system of ordinary differentiation equations (ODE) resulted from the spatial dis-
cretization is advanced in time via the third order TVD Runge-Kutta scheme [17]. The CFL
condition is set to be CFL = 0.40 in the numerical experiments performed in this study.

In the rest of the paper, we denote the improved fifth order characteristic-based WENO
conservative finite difference scheme without and with the domain mapping (19) as the
WENO-Z scheme and the Mapped WENO-Z scheme respectively. Similarly, we denote the
hybrid central-WENO finite difference scheme without and with the domain mapping as
the Hybrid scheme and the Mapped Hybrid scheme respectively. It should be noted that the
WENO-Z scheme and the Hybrid scheme are based on a uniformly spaced grid (or α = 0).
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5 Numerical Results

In this section, we evaluate the performance of the Mapped WENO-Z scheme and the
Mapped Hybrid scheme in simulating several classical examples of stable and unstable det-
onation waves by comparing with those simulated by the WENO-Z scheme. The fifth order
WENO-Z scheme and the sixth order central finite difference scheme are used to construct
the Hybrid scheme. For the purpose of clarity in the following discussion, we shall refer L1/2

as the number of grid points in the half reaction zone (or simply as, in this context, reaction
zone resolution). According to the linear stability analysis [32] of the conservation system
(23a)–(23d), the parameters q0, Ea and f determine the stability of detonation system.

5.1 One-Dimensional Detonation Waves

Here we evaluate the performance of the Mapped WENO-Z scheme by simulating one-
dimensional stable and unstable detonation waves. The physical domain is set to be x =
[120,180] with PML layer x = [120,130] and the location of the initial detonation front at
xd = 160. The peak pressure Pm(t) measured in the half reaction zone is used to validate the
performance of the Mapped WENO-Z scheme with several domain mapping parameters α

(α = 0 implies a uniformly spaced grid).

• f = 1.8: Stable Detonation Wave.
We first simulate a stable detonation wave with the parameters f = 1.8, q0 = 50,Ea = 50,

K = 145.69 and the final time tf = 100. The comparative speedup, reaction zone reso-
lution L1/2, minimum �xmin and maximum �xmax grid sizes with several mapping pa-
rameters α are shown in Table 2. The results show that the slowest Mapped WENO-Z
scheme with (L1/2 = 85, α = 6) is about two times faster than the WENO-Z scheme with
(L1/2 = 60, α = 0), that is, with a uniformly spaced grid.
In Fig. 2(a), the comparative peak pressure temporal histories Pm(t) computed by
the WENO-Z scheme and the Mapped WENO-Z scheme are shown. The results with
(L1/2 = 60, α = 0), (L1/2 = 61, α = 2) and (L1/2 = 85, α = 6) converge to the peak
pressure of steady state solution for t > 50 in good agreement with results in [8,
11, 12]. The under-resolved results with (L1/2 = 30, α = 0), (L1/2 = 31, α = 4) and
(L1/2 = 43, α = 6) oscillate slightly around the steady state solution.
In Fig. 2(b), it shows that the density spatial profiles computed by the Mapped WENO-Z
scheme agrees very well with those computed by the WENO-Z scheme. Meanwhile, we

Table 2 Comparative CPU timing results from the WENO-Z scheme and the Mapped WENO-Z scheme for
the stable one-dimensional detonation waves (f = 1.8)

Nx α �xmin �xmax
�xmax
�xmin

Speedup L1/2

1800 0 3.33 × 10−2 3.33 × 10−2 1.0 4.0 30

3600 0 1.67 × 10−2 1.67 × 10−2 1.0 1.0 60

600 2 5.35 × 10−2 0.42 7.9 19.3 19

4 3.25 × 10−2 0.87 26.8 11.7 31

6 2.31 × 10−2 1.30 56.3 8.2 43

1200 2 2.67 × 10−2 0.21 7.9 4.8 37

4 1.62 × 10−2 0.46 28.4 2.9 61

6 1.16 × 10−2 0.70 60.3 2.1 85
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Fig. 2 (a) The peak pressure temporal histories Pm(t) and (b) the density spatial profiles of detonation
waves with overdrive factor f = 1.8 at time t = 100 as computed by the WENO-Z scheme and the Mapped
WENO-Z scheme

Table 3 Comparative CPU timing results from the WENO-Z scheme and the Mapped WENO-Z scheme for
the unstable one-dimensional detonation waves (f = 1.6)

Nx α �xmin �xmax
�xmax
�xmin

Speedup L1/2

3600 0 1.67 × 10−2 1.67 × 10−2 1.0 1.0 60

600 1 7.58 × 10−2 0.21 2.8 16.7 13

2 5.35 × 10−2 0.42 7.9 12.5 19

5 2.70 × 10−2 1.09 40.3 8.3 37

1200 1 3.79 × 10−2 0.10 2.6 4.8 26

2 2.67 × 10−2 0.21 7.9 4.2 37

4 1.62 × 10−2 0.46 20.4 2.7 61

5 1.35 × 10−2 0.58 43.0 2.4 74

observe that the increasing peak densities are captured with an increasing L1/2. Fur-
thermore, the solutions computed by the WENO-Z scheme and the Mapped WENO-Z
scheme agree very well with each other with similar reaction zone resolutions, for exam-
ple, (L1/2 = 30, α = 0) or (L1/2 = 60, α = 0).

• f = 1.6: Unstable Detonation Wave.
An unstable detonation wave with parameters f = 1.6, q0 = 50,Ea = 50,K = 233.75 is
simulated up to the final time tf = 80. The comparative speedup, reaction zone resolution
L1/2, minimum �xmin and maximum �xmax grid sizes with several mapping parameters
α are shown in Table 3. It shows that the Mapped WENO-Z scheme (L1/2 = 61, α = 4) is
about three times faster than the WENO-Z scheme with (L1/2 = 60, α = 0), that is, with
a uniformly spaced grid.
The comparative peak pressure temporal histories Pm(t) and the density spatial profiles
computed by the WENO-Z scheme and the Mapped WENO-Z scheme are shown in
Figs. 3 and 4 respectively. With a similar reaction zone resolution L1/2, the results com-
puted by the WENO-Z scheme and the Mapped WENO-Z scheme agree very well with
each other’s. The peak pressures with higher reaction zone resolution are slightly higher
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Fig. 3 (a) The peak pressure and (b) the zoomed peak pressure temporal histories Pm(t) with overdrive
factor f = 1.6, as computed by the WENO-Z scheme and the Mapped WENO-Z scheme

Fig. 4 (a) Density and (b) the zoomed density spatial profiles of detonation at time tf = 80 computed by
the WENO-Z scheme and the Mapped WENO-Z scheme

than those with lower resolution at the beginning of computation t ≤ 30 and then agree
well with each other’s except in the case of a very poor reaction zone resolution (L1/2 =
13, α = 1), which cannot capture the peak pressure correctly at all. The results also agree
well with those in the literature [8, 11, 12]. In the case of Nx = 600, α = 5, which has
a same reaction zone resolution (L1/2 = 37, α = 2) as the case of Nx = 1200, α = 2, the
former case is two times faster without loss of accuracy. Moreover, Fig. 4 shows that in-
sufficient reaction zone resolution L1/2 would result in slightly inaccurate location of the
detonation front. Thus, with a proper choice of mapping parameter α, essentially large
and small scale features of the flow can be resolved efficiently with less computing time.

5.2 Two-Dimensional Detonation Waves

In this section, we evaluate the performance of the Mapped WENO-Z scheme and the
Mapped Hybrid scheme by simulating two-dimensional detonation waves.
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Table 4 Comparative CPU timing results of the WENO-Z scheme and the Mapped WENO-Z scheme for
the two-dimensional detonation waves with small heat release and low activation energy

Nx × Ny α �xmin �xmax
�xmax
�xmin

Speedup L1/2

1000×200 0 5.00 × 10−2 5.00 × 10−2 1.0 1.0 20
1500×300 0 3.33 × 10−2 3.33 × 10−2 1.0 0.3 30
250×300 2 8.40 × 10−2 1.07 12.7 2.6 11
250×300 4 5.27 × 10−2 2.22 42.1 2.3 19
500×300 2 4.20 × 10−2 0.56 13.3 1.0 24
500×300 4 2.63 × 10−2 1.24 47.1 0.6 38

5.2.1 Small Heat Release and Low Activation Energy

We evaluate the performance of the Mapped WENO-Z scheme by considering the stable
case (H2,E20, f1.1) with the final time tf = 30 and choosing the parameters of perturbation
wave as (k = 2,A = 0.1). The physical domain is set to be (x, y) = [150,200] × [−5,5]
with PML layer (x, y) = [150,156]× [−5,5] and the location of the initial detonation front
at xd = 195.

Comparative speedup, reaction zone resolution L1/2, minimum �xmin and maximum
�xmax grid sizes with several mapping parameters α in the physical domain are shown in
Table 4. It demonstrates that, provided the reaction zone resolution L1/2 near the detonation
front is about the same, the computation with domain mapping is about two times faster than
that without mapping with virtually the same result. Figures 5 and 6 show that, by comparing
the density and energy respectively, a poorly resolved case (L1/2 = 11, α = 2) is unable to
resolve small scale structures near the detonation front.

In Fig. 7, the density and energy of the solution along the central line in y-direction are
shown for this situation. The solution obtained with the mapped schemes with (L1/2 = 19,

α = 4) reaches a very good agreement with the solution obtained with a uniformly spaced
grid (L1/2 = 20, α = 0). Furthermore, the solution obtained with a uniformly spaced grid
with (L1/2 = 30, α = 0) are similar to those obtained with non-uniformly spaced grids
with (L1/2 = 24, α = 2) and (L1/2 = 38, α = 4). On the other hand, the solution with
(L1/2 = 11, α = 2) is slightly away from the rest of the cases which confirms the differ-
ences appeared in Figs. 5 and 6. We conclude that (L1/2 = 19, α = 4) is the most efficient
way to resolve the structures of detonation wave in the half reaction zone if one considers
the trade-off between CPU time and accuracy.

5.2.2 Large Heat Release and Low Activation Energy

We evaluate the performance of the Mapped Hybrid scheme by considering the unstable
case (H50,E10, f1.2) with the final time tf = 60 and choosing the parameters of perturbation
wave as (k = 1,A = 0.5). The physical domain is set to be (x, y) = [150,200]× [−2.5,2.5]
with PML layer (x, y) = [150,156] × [−2.5,2.5] and the location of the initial detonation
front at xd = 195. In this case, the grid sizes are Nx × Ny = 1000 × 100 for the WENO-Z
scheme and Nx × Ny = 250 × 100 with α = 4.5 for the Mapped Hybrid scheme.

We show the comparative contours of variables in Fig. 8 in which global structures near
the detonation front agree well with those in the literature [4, 9, 33]. Furthermore, the re-
sults computed by the Mapped Hybrid scheme located in the interval [185,195] with higher
reaction zone resolution reach a very good agreement with those computed by the WENO-Z
scheme. The computation of the Mapped Hybrid scheme is about six times faster than that
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Fig. 5 (H2,E20, f1.1): Comparative contours of density ρ between the WENO-Z scheme with
(a) L1/2 = 20; (b) L1/2 = 30; and the Mapped WENO-Z scheme with (c) L1/2 = 11; (d) L1/2 = 19;
(e) L1/2 = 24; (f) L1/2 = 38, at time t = 30

of the WENO-Z scheme. Due to the increasing grid spacing further to the left of x = 185,
the fine scale structures will not be resolved accurately with the Mapped scheme.

The comparative peak pressures computed by the WENO-Z scheme and the Mapped
Hybrid scheme are shown in Fig. 9. The results show good agreement with each other before
deviating from each other after time t = 30. The zoomed peak pressure at the late time in
Fig. 9 shows that the detonations computed by two schemes explode at the same time but
the amount of released energy is different.

5.3 Three-Dimensional Detonation Waves

In this section, we consider three interesting classical (stable, slightly unstable and highly
unstable) examples of three-dimensional detonation waves that are simulated by the Mapped
Hybrid scheme with the mapping parameter α = 4.5. These examples indicate that the
Mapped Hybrid scheme can produce satisfactory results in capturing large and small scales
structures in higher-dimensional detonation waves problems efficiently and resolve physi-
cally relevant solutions qualitatively.

They are

• Stable: small heat release and low activation energy.
The stable case (H2,E20, f1.1) with the parameters of perturbation wave as (k = 4,

A = 0.5) at the final time tf = 20 is simulated. The computational domain is set to be
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Fig. 6 (H2,E20, f1.1): Comparative contours of total energy E between the WENO-Z scheme with
(a) L1/2 = 20; (b) L1/2 = 30; and the Mapped WENO-Z scheme with (c) L1/2 = 11; (d) L1/2 = 19;
(e) L1/2 = 24; (f) L1/2 = 38, at time t = 30

Fig. 7 (H2,E20, f1.1): Comparative (left) density ρ and (right) total energy E spatial profiles along the
central line in y-direction as computed by the WENO-Z scheme and the Mapped WENO-Z scheme with
various reaction zone resolution L1/2

(x, y, z) = [150,200] × [−5,5] × [−5,5], and PML layer is (x, y, z) = [150,156] ×
[−5,5]× [−5,5]. The number of grid points in the x-, y- and z-directions are Nx ×Ny ×
Nz = 250 × 200 × 200.
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Fig. 8 (H50,E10, f1.2): Contours of the pressure P , temperature T , vorticity ω and mass fraction f1
under the perturbation waves with parameters (k = 1,A = 0.5) (left): The Mapped Hybrid scheme with
(L1/2 = 20, α = 4.5), (right): The WENO-Z scheme with (L1/2 = 20, α = 0)

Fig. 9 (H50,E10, f1.2): (left) the peak pressure and (right) the zoomed peak pressure temporal histories
Pm(t) as computed by the WENO-Z scheme and the Mapped Hybrid scheme
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• Slightly Unstable: large heat release and low activation energy.
The slightly unstable case (H50,E10, f1.2) with the parameters of perturbation wave
as (k = 1,A = 0.5) at the final time tf = 20 is simulated. The computational do-
main is set to be (x, y, z) = [150,200] × [−2.5,2.5] × [−2.5,2.5], and PML layer is
(x, y, z) = [150,156]× [−2.5,2.5]× [−2.5,2.5]. The number of grid points in the x-, y-
and z-directions are Nx × Ny × Nz = 250 × 100 × 100.

• Highly Unstable: large heat release and large activation energy.
The highly unstable case (H50,E50, f1.2) with the parameters of perturbation wave as
(k = 1,A = 0.1) at the final time tf = 10 is simulated. The computational domain is set
to be (x, y, z) = [150,200] × [−2.5,2.5] × [−2.5,2.5], and PML layer is (x, y, z) =
[150,156] × [−2.5,2.5] × [−2.5,2.5]. The number of grid points in the x-, y- and
z-directions are Nx × Ny × Nz = 250 × 100 × 100

The initial location of the detonation front is xd = 195. We note that the grid spacing �x, �y

and �z are the same for these three cases studied. In Fig. 10, the iso-surfaces and contours
of the density, pressure and vorticity are shown.

In the stable detonation waves, the results agree well with those results in the literature
[34, 35]. Four regular rectangular cell structures appear along the y-direction agree well
with the conclusion in [33] that the final number of cells depends on the specific initial per-
turbation. The appearance of regular coherent recognizable structures is apparent as shown
in the iso-surfaces of the density, pressure and vorticity.

In the slightly unstable case, the detonation structures become more complex than those
generated in the previous stable case. As seen in the iso-surface of the vorticity, large scale
regular coherent structures such as the vortex tubes are generated right behind the detonation
front. However, the coherent structures begin to break down further downstream and lose its
coherent form. The increasingly chaotic structures further downstream indicates that the
flow has become unstable away from the detonation front.

In the highly unstable case, as oppose to the former two cases, there is no regular coherent
recognizable flow structure appearing in the solution. The flow begins to break down imme-
diately behind and further downstream from the detonation front. The detonation waves in
this case, as expected, are highly unstable.

6 Conclusion and Future Work

In this work, we studied the performance of the fifth order hybrid Central-WENO conser-
vative finite difference scheme (Hybrid) in the simulations of detonation waves. The Hybrid
scheme is used to keep the solutions parts displaying high gradients and discontinuities
always captured by the WENO-Z scheme in an essentially non-oscillatory manner while
the smooth parts are highly resolved by a more efficient and accurate central finite differ-
ence scheme and to speedup the computation of the overall scheme. To detect the smooth
and discontinuous parts of the solutions, a high order multi-resolution algorithm by Harten
was used. The high order filtering was used to mitigate the dispersion error of central fi-
nite difference scheme in the Hybrid scheme. To enhance the reaction zone resolution of
the detonation front that drives the development of complex nonlinear wave structures be-
hind the front, a domain mapping technique was used. The mapping mapped the uniformly
spaced grid points to cluster more grid points around the detonation front. We conducted
several numerical comparisons among the WENO-Z scheme with a uniformly spaced grid
and the WENO-Z scheme and the Hybrid scheme with the domain mapping technique in
simulations of stable and unstable detonation waves.
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Fig. 10 The iso-surfaces and contours of (a) density, (b) pressure and (c) vorticity of the stable, slightly
unstable and highly unstable detonation waves simulations with the Mapped Hybrid scheme

To reduce the computational cost and the wave reflection from the artificial computational
boundary of a truncated physical domain, an efficient implementation of an essentially one-
dimensional perfectly matched layer (PML) absorbing boundary condition (ABC) is used
for the unsteady reactive Euler equation when one of the directions of domain is periodical
and inflow/outflow in the other direction.

One- and two-dimensional numerical examples showed that the performance of the
Mapped WENO-Z scheme and the Mapped Hybrid scheme depends on the mapping param-
eter α to achieve a similar reaction zone resolution as in the uniformly spaced grid cases.
Furthermore, the Mapped WENO-Z scheme and the Mapped Hybrid scheme can speedup
the computation up to three times and six times faster than the WENO-Z scheme respec-
tively with the same reaction zone resolution. The structures of detonation waves were well
resolved near the detonation front that allows an accurate capturing of the interaction of
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the front with a given perturbation imposed on the front. Due to the reduced resolution far
downstream of the front and increased numerical dissipation, small scales structures were
generally under-resolved and gradually dissipated from the flow.

In the three-dimensional simulations with the Mapped Hybrid scheme, a significant
speedup can be observed due to the reduced number of grid points needed to resolve the
detonation front and its fine scale structures. In the stable case (H2,E20, f1.1), regular small
and large scales coherent identifiable structures can be extracted and are presented via iso-
surfaces of density, pressure and vorticity. In the slightly unstable case (H50,E10, f1.2), regu-
lar vortex tubes were observed immedately behind the detonation wave and then break down
into irregular structures in further downstream. In the highly unstable case (H50,E50, f1.2),
the irregular chaotic structures of detonation wave were developed right behind the det-
onation front. The computer program is written based on the FORTRAN 95 subroutines
contained in the high performance software library WENOpack [36].

In our future work in this area, a multi-modes perturbation and/or random perturbation
within the reaction zone will be considered in order to study the complex detonation behav-
ior. We will examine quantitative behavior of the system via the mixing profile, statistics
and spectra of perturbation energy fields (for example, see [19]) in our future work.
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